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Strain Softening and Strain hardening
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Unified representation of FRC Composites
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Materials Responses, Structural Consequences

*  FRC materials as structural members

e Similarity in material constitutive models
— Tensile response ~ various levels of ductility
— Tensile strength << Compressive strength

e Elastic response
— Use standard composite materials A

models G

— Composite laminate theory

— Finite difference approach for tension

stiffening GFRC, UHPFRC

* Allow damage based models

— Fracture mechanics
ECC

— Damage based models

— Plasticity based models

— SFRC

Paste Tension Model G
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Strain Hardening Cement Based Composites

* Initial linear elastic response

» First cracking strength a function of
fiber content

» Distributed cracking start to saturation

« Saturation crack spacing

» Tension stiffening

« Ultimate strength

* For Strain hardening cement
composites, we should ignore the
stain softening portion
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Tensile Strength vs. Flexural Strength
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Aldea C. M., Mobasher, B., Jain, N., “Cement-Based Matrix-Grid System For Masonry Rehabilitation,” Textile Reinforced
Concrete (TRC) - German/International Experience symposium, ACI Special Publications, ACI Special Publication, 2007.

% Ira A. Fulton
Schools of Engineering

ARIZONA STATE UNIVERSITY




Uniaxial Tension vs. Flexural Bending

e Uniaxial Tension
— Pro: Constitutive material properties

= B

— Con: Tension test is difficult to do!

=

flaw

* Flexural Bending (4 point bending)

— Pro: Bending test is easier to run

— Con: Unconservative results!

(i) J

flaw
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Size Effect
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* V.Calard, J.Lamon, “A probabilistic-statistical approach to the ultimate failure of ceramic-matrix
composites—part I: experimental investigation of 2D woven SiC/SiC composites,” , Composites
Science and Technology 62 (2002) 385—-393
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Weibull based approach

* The fracture probability can be given as: o)
F(o)=l-exp| V| —
0
e Mean and COV 1 F(”zj :
o= GOVWT(H_ZJ CV = " 1| x100

F2(1+1j
m

* The effective volume of the four-point bend strength tested with a load span of

one-third of a support span is given by: a3

6(m+1)

4

 Comparison of the failure probabilities of the tensile and the 3-pt bending test
specimens:

o, v 1/m
— {Z(er])Z(V )}

t b
Assume m=7,V,/V, =1, 6,/c,= 1.64
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Flexure design of RC

e Cross sectional analysis

* Plane section remains plane
 Compression: stress block method

e Tension: ignored

e Ultimate limit state: moment capacity
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Testing and Design Concept for FRC

The simplified design assumption for a beam with traditional and fiber and
reinforcement.
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RILEM Stress-Strain Model for FRC

The model stress-strain diagram ‘
the same as proposed by RILEM K I
and shown in the figure. The key
points of the tension side of the
diagram are found in a flexural test
of a notched beam.

* 04, and g, — tensile strength and corresponding strain
* 0,, and g, — stress and strain at the onset of the stable strain softening branch
* 04, and g; — stress and strain at the end of the softening branch
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RILEM Method for Test and Design

RILEM (EN 14651), a 3-point bending test on a notched beam and using the flexural load
vs. crack opening (CMOD) response. Parameters of F,, to F,, correspond to apparent
flexural load at crack opening of CMOD, (0.5 mm) to CMOD,, (3.5 mm)
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RILEM Method for Test and Design

Residual flexural-tensile strength parameters, ij, are calculated from the Load-CMOD
curves with regard to the beam dimensions. A simplified model is adopted to compute the
equivalent ultimate tensile strength in uniaxial tension fer, by means of the residual nominal
bending strength fz; as shown.

is the load corresponding with CMOD,

is the residual flexural tensile strength corresponding with CMOD;

/ is the beam span length [mm];

b is the width of the specimen [mm];

h,, is the net height: distance between the notch tip and the top of the specimen [mm].
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RILEM Method for Test and Design

Limit states for the combined compressive and bending stress: use the
constituent simplified laws. Both softening and hardening responses can be
modeled using a simplified stress block as shown in the figures.
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Simplified Material Model for strain softening, (fib model)

 Two material parameters (c_,E) and four normalized

parameters (o, p, A, B.)
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Material Model for Strain Hardening and Softening

 Two material parameters (¢_,E) and six normalized
paramEterS (Q)? Y9 7\‘Cuﬁ a? Btu) n)’ M :f(n)

Gy
t ch: WY O t Ocst —THO
o ‘ ] //- ______ 0< L <1
: : Fe 7
Oy "B =nE O0<n<1)
e \,
E;ME (-2<n<0)
-0 <L 1L <0
: : > £, : : — &
gcy:(Dgcr gcu:kcugcr Scr 8trnmtgc;r 8tu:Btu80r
Compression model Tension model

% Ira A. Fulton
Schools of Engineering

AAAAAAAAAAAAAAAAAAAAAA




Parameters Simplification

* Tension and compression strains:
/), _ Etbot ) = ‘Qctop

.
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Derivation of Moment-Curvature Relationship

Stage : A\>m, B>
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Stress and Strain Distributions in Different Stages
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Strain Softening: Force Component and Moment Arm at Each Stage of

Normalized Top Compressive Strain (1)

Stage F', F'o | F'y F'y V' Y'a | Y V'
7 Oo<A<l - i & - - l l -
Z - 4 4 3 3
i7 l<i<o ] % % ﬂ_y(/lJrl)k ] 2k | 2k l_(i—l)k
Jl 3 314 | 2 22
> | o ok(A-o) | o’k | k. ﬂ_ﬂ(/1+1)k (@+A)k | 20k | 2k | 1 (A-1)k
T A 20 | 22 y) 22 34 | 31 | 2 22

F../(bdE¢,.) and y,/d,
respectively where xi refers to c1, c2, t1 and t2

Soranakom C, Mobasher B. “Correlation of tensile and flexural responses of strain softening and strain hardening

cement composites”, Cem Concr Comp 2008;30:465-477.




Normalized Force Terms and Moment Arms

Table 3

Normalized force component for each stage of normalized tensile strain at bottom fiber ()

Normalized force Stage 1 (0 < 1) Stage 2.1 (1 <ff <) Stage 22 (1 <f< ) Stage 3.1 (f > «) Stage 3.2 (f > )
component and (0 < A< w) and (0 < A< w) and (m < A4 < / and (0 < A< w) and (w < A< Aoy)
% - %(ﬁﬁ + wk — w) - ﬂ (fk + ok — w)
Fo vk k2 oy ] i y
Bkeer :ﬁ] ) 1ﬂ; 3] 5 (1 — k) 1'01 3] % (1=K

F i {1—&) (1-k) {1-k) {(1-k)

K, 3(1 - k) =7 7 7 2p
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BdEre; B i — 3 T 3f

Fis _ _ _ (1=k)(fi—a)p (1=K} f—a)p

[T Y —

Table 4

Normalized moment arm of force component for each stage of normalized tensile strain at bottom fiber (ff)

Normalized Stage 1 (0 f<1) Stage 2.1 (1 < o) Stage 22 (1< f < w) Stage 3.1 (f > =) Stage 3.2 (f > u)
moment arm and (0 < A< w) and (0 < A< w) and (w <A < Az and (0 < A< ) and (w < A< Aoy)
Yo — — k4o 1-k) - B+l 1 —k)

d T N

Yo ;J[\ %k ;lr.l{] k) ;k ;lr,ll_'] k)

d 3 3 E 3 I 0

¥ 2 1 2(1-k) 2 (1-k)

i _ﬂ?“ — k) I 5 37§

Yo _ 208" —nfi-n+3f+3 (1 _ p 2n —ma-n+32+3 () _ p

d Wapni LK) T (1 — k)

M3 _ _ — (=24 ﬂ' —

2 (1-k)

Soranakom C, Mobasher B. “Correlation of tensile and flexural responses of strain softening and strain hardening cement composites”,
Cem Concr Comp 2008;30:465-477.
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Strain Softening: Net force, Moment and Curvature for Each Stage of
Normalized Top Compressive Strain (1)

Stage Net Force Moment Curvature
Z O<i<l1 -F,+F, Foyg+ 0,
A,
i7 <A< —F,+F, +F, oy, +Ey,+EL, id
> O <A<Aey | Ly —FoHE +Ey | By 1,V T+,
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Strain Softening: Simplified Solutions of Neutral Axis

Depth and Moment-Curvature

Stage k M’=M/M,, O’=0/P¢;
|
PREORS. o
0<i<l a2 2k
Z 2 2l QA% +3uA> =3u+2)k’ A
2 +2u(A+1)-1 2 ~3u2k=1) K
l<A<w +2.u( 2k
> 3 24 Bod’ — +3p2> 3u+ 2k’
— - ~3u(2k-1)
T 0 <A< @ +2M o+ pu)+2u—1 yE

cr

M = é bd’Ec,,

Soranakom, C., and Mobasher, B., “Closed Form Solutions for Flexural Response of Fiber
Reinforced Concrete Beams,” in press, ASCE, Journal of Engineering Mechanics, August- 2007



Closed Form Solutions for
Strain Hardening/Softening material

Table 6
Neutral axis depth ratio, normalized moment and curvature for each stage of normalized tensile strain at bottom fiber (f3)
Stage k M &
] Y= M 1 N
] ]415 fory<lory>1 1 -k = 3T
Y IR & RS SN -
2 r (24 Ca by = 3Cn k3, +3C21ka = Cy P
2.1 f‘“fg] = I —kn <}53] = k)
2 i +3nM2 =302 —p+ 1
Dy = n(f* - jﬁ— )+2f—fy—1 Coy =20 W{:F —
) bl
22 ky = 1D—',,_.Ig fvf;z = [3(.(}}' +Cn)ks, — 2C5ky +Can t}'}fﬂ =77 ﬁ),ml
W — g +3IF - 4 1
D"" =1 28+ 1 2 =+ f.[}l‘.' —1 (e = Infi =3nft _{T @’ P4
16— 28 B+ o s 3
3 1 kvy = 103]7 "'ﬂ:‘uﬂ i'lff’ . (Cyy =2y 1,{ x{"3-|£§] +3051k31—Cq qr}-‘ - f
. 31 = Dy —fy My = kg —1 31 = 3Tka)
kN 2 2 2 a2 I 4
D3y =yl =20+ 1) +2u(f — o) + 200 — 1 Cyy = b —px '”ﬁ:“ J+2nx +n-1
3.2 ks = 57 My, = (Caz + 3wy)kgy — 2C30ksy + Cx b = 5l
3 2 < 4 4 b S P
Dy = f.ul:,. + qa- 2uf —noe —poe+ o) +n—1 Cyr = I~ po ::1_ e !
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Effect of compression to Tension strength ratio, o (Elastic

Plastic I\/Iaterial2 H;ZIZ
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Strain Softening Materials (n=0, a=1)

Effect of post-peak tensile strength, p
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Soranakom, C., and Mobasher, B., “Closed-Form Solutions for Flexural Response of Fiber-Reinforced Concrete
Beams,” Journal of Engineering Mechanics, Vol. 133, No. 8, August 2007, pp. 933-941



Range 2.1 - Compression Elastic - Tension Hardening
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Range 2.1 -Compression Elastic - Tension Hardening

J4

k

A+ By
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Interaction of Failure Zones
(three tension modes, one compression)

Normalized Moment, M’
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Range 3.1 Compression Elastic Tension-Softening

Effect of Ultimate Strain Capacity, a

Normalized Neutral Axis

=A== =10
(s, y=5()

— <=1 =100 |

—o—0 =200

0 20
Normalized Curvature, ¢'
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=

ering

A SITY

40

60

Normalized Moment, M'

1000

100

n=.1,7=1,pn=2

Normalized Curvature, ¢'

o.=ratio of ultimate strain capacity to first crack strain

A G—— =1
\‘A\ =A== =10
a0
T 4+—<4—< =100
*—0—0 =200
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Range 3.1 Compression Elastic Tension-Softening
Effect of Post peak Stress level, u

r\.{=1!-n=0.1’a=5 P‘I’=1!n=0'1!0‘“=5
0.5 v v ' 4 ' ' ;
i - —e—o 1=0.05 |
- : ~A-a =01 o
g 0.4 = sk A=A u_
< _ a ——11=0.2 .
© o | G 1=0.4
3 03 £ o—e—0 =06 -
Z i E sk .
3 [
N 02} N | — o
g £ P
5 | 5 1| A
Z 01 = -
L B -——g._.___ﬁ__ -
0 2 1 a 1 2 0 A 1 A 1 N
0 10 20 30 0 1Q 20 30
Normalized Curvature, ¢' Normalized Curvature, ¢’

= Post peak Stress level, p
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ASU Localized hinge Model

RC
FRC
ST IV e e U
NI I MNRNS VZ o- T)
TRC
i
4
Z
/
HRC

s
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Lp P k normal stress
}‘—" distribution
kh fe
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Parameterized Material Models

FsU

Tension Compression
Gt G¢
ocst =peqE A Co WY E

§>gc

- ——P ¢
€r  Stm~%cr  Eyy=Pruer Eoy=WEq € hEgr Eou=houor
Steel rebar Cross section
fs )
A fsy=KrecnE
imperfections
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Simplified Design Approach for FRC

* materials model, testing techniques, and design codes

e Simplifies FRC Flexural design assumption for a beam with traditional and fiber reinforcement.
e Use a stress distribution analogous to Whitney’s stress block diagram

* Tensile stresses in accordance with stress-strain response applied over the tensile domain

* Integrate to compute the moment capacity

AAA

kd
h ' d
\ 4 ® ©o o

v
tensile stress transmitted by the fibers across the ,
flexural crack. A measure of residual tensile M = HA| fc bd’E
istres8ostrain response. ult [ Eor
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Derivation of Moment-Curvature Relationship

fc2
c1 M
(= LM
SR |V g MO Mo
yt1 ..... M c.r. - > crit
fiy /1 >|:t1]1t2 y A
t3 I
fio ™\ 2 thL
fs |3 Y 3 Fi3 :
f : 9.(=q,,) »(p
t3 (0 Pu
Stage : A>0,
Strain Stress B>a
Incrementally D SE = M - M=3F SF
impose Strain Distribution ; F=0, ) ‘ oment: M= 2Fy i+ ZFqyy
O<e <ty Stress Distribution S Curvature: ¢p=¢./kh
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Moment Curvature Diagram for hardening —softening materials

d)':d)/(l)cr 9 = 2(1€ k.)

Stage  Range k M’ :M/ Mcr

ﬂ for }/>1

0<B<1 3 2
( aEd_ ) =T Mll:zﬂ[(y—l)k, +3k, =3k, +1]
(<) % for y=1 1=k
28y +C, k> =3C, k> +3C, k —C
(1<p<a) . ,327/+D21— ,72ﬂ4+D217/,32 M, :( Br 21) 1 21 217 21
2 1 and e D 1=k
. 21

_ 2 +3np° =3p° —n+1

A<w) D21=77(ﬂ2—2,8+1)+2,8—,827/—1 G, = B

D

1<B=o) k,=——"2— My, = (3a)7+ sz)k222 —2C,k, + G,
2.2 and Dy, + 20008 c 2B =3B +3p -’y +n—1 d?
2=

(@<A<ha) Dy,=n(p-28+1)+28+0’y-1 5

B ) D. — /}/ﬂzD M' = (C31 _2187)k313 _3C31k312 +3C5k, =G,
> o k. = 31 31 31
3.1 and Y DBy

A <) D =77(a2—2a+1)+2y(ﬁ—a)+20!—1 C31:3(

31

K, —1
,uﬂz—,uaz—na2+a2)+2r7a3+77—1
ﬁZ
B> k __ Dy M'y, =(Cy, +3wy )k’ —2C3k, +Cyy
32
3.2 and D, +2wyp 3(y,82—ya2—na2+a2)+277a3—a)37/+77—1

(@<A<Aa) Dy, =a’y+na’+2(uf—na—pa+a)+n—1 Cy 7
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Interaction of modes of strain and stress distribution
at all stages

Normalizeda Moment, m

Y T T
I | .
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’ L7
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‘. ' e ‘ — 7 ONE1
\ L, e e Zone21
" ,: ----- Zone41
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1+ e e Zone4?2
| L e e e - Zoneb52
. I
1 ]
. I
1 I
- ' ]
' ! n=-0.584, k=20.83,y=1,
v w=11.63, n=6.89, tau=3, a=0.5
' ]
]
0 | L | \ |

Normalized Curvature, cv
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Ectop=hEcr

Etbot=Pecr

Zone1 :
» compression and tension are in elastic zone
» Steel is elastic



I ' [ ' R
] ’
1 e
2+ N - ==z* CE R i —
(Y -==" .= .
E., |'l S - - < L7 Ectop=hecr
e 7 ’ A
] ’
% L} /I ’, s
I ’ i
= N S
o el Zonel
¢F s e esesea=s one |
E e ‘ e Z0ne21
‘ ey eeeaa- Zoned1 :
e | :
3 1 — ' N Zoned2 = V/AW”
© l " ----- Zoneb52 Ethot=Pecr
- ' !
| - ]
o) X .
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Normalized Curvature, cv
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Zone4.1

| |
ol W Ll feeeemmmmT =

Eh &ctop=A&cr fe
I=
)
E r . .
2 , Zone1

’
E ! Zone21
8 : Zone41
N 1 — ‘. Zone42 — — =
C_U [ | : ----- Zoneb2 SIDOt_BSCf t

LI |
E |l
o L
zZ = 1 ' -

Voo n=-0.584, k=20.83,y=1, Staged1 -

I _ _ _ _
Vo w=11.63, n=6.89, tau=3, a=0.5 « compression is in elastic zone
: .' - tension is in residual third range
o — | L ' - Steel is elastic

0 20 40
Normalized Curvature, cv
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one4.2
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Zone21
Zone41
Zone42
L Zone52

Normalized Moment, m
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Ectop=AEcr

etbot=Pecr

Stage4?2 :

compression is in elastic zone
tension is in residual range
Steel has yielded
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Envelope curve

N
|
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Zone21
Zone41
Zone42
e eeea=a= Zoneb52

(3—&—=¢€) Envelope

Normalized Moment, m
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Development of Envelope Moment-Curvature for Hybrid Response

EC=§*{E
—P & : - Ec
h Ser etu=Pruser Eoy= Wy 87 hEgr  BoyThouber
f
AS fsy‘=KScrnE o . r—
Ag=p’bh (1-og)h
(c) (d) h
Ethot=Pecr a fiq -
@) e AT e
Fotop=er for — o
kh \\\\1\\\ — ‘FS, \1\x - FC1
W hc1 y‘:‘ Yet | ' ol ' | ' | '
ah s )
Yis ' o SSTTSOO00
h 1] ah N fy 1—-I—> alYs ly, -2 6} s -
— S s ma v ety h fS o 3 FS _
Etbot=Per (b) fio GE) G—E—© Envelop
[ BN BN BN BN ) M1 -1
f g 4 = LI ) M2.1 -
c2 eeoo0ooe M2.2
' F
Fe | 29— Fa o) M3.2
- 1\“\“& 21 Ver o) _ -
Ys Yei N
Yi1 ©
h f 1 >
- T v £ 2F n=6.67, 0=0.67, u=0.6, k=20 |
fS »FS (- —VU. ) — V. y M_ U, BT
2 > Fyp 2 p =0.01, ®=13.6, y=1
| R g i
Etbot=Péer (c) fio
| 2 | 2 | 2
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Moment-Curvature Response in Flexure
Change of variables, location of Neutral axis, [, A] to [B, k]

Incrementally impose 0 <g,<g,, o, =a;+ bl.IB'
Strain Distribution, linear, 3, [}’ .
Stress Distribution defined by linear segments F, = b_[ O, (y)dy
>F =0, determine k (Neutral axis) i
M =2Cy.+ 2Ty, and ¢=¢/kd = _I ydy
Normalization M’=M/M,, and ¢'=¢/¢,,

strain

k A € stress

—_

(S8}

54 A H

wn

Moment curvature diagram

sering
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Control Points, Geometrical and Material

kd

€trn 2

/3

Etbot=Pecr
Rectangular
section

@ stress-strain control point

° @® geometrical control point

([ ]
ESU =+ r L o
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neutral axis control point

Composite
laminate

Sandwich
composite

.............................. SCU=7\40USCF

.............................. £c=AEcr

Ecy=WEcr

>

GerecrE

7z
AN
>

Gult = uultc cr



Example for Control points for geometry and sections for a doubly Reinforced

Concrete section

Define the strain distribution variable

o = il
t‘ctop—i’wcr—l}i\bcr

) K
along the depth of the section . VG —— I r = — Z I# }
E ; kh
ﬂ' = & = IB '(187 k, 1) = ﬂy Geometrical d=ch A h // N.A.
control point i=
» h' (1-k)h g l [E = =1
y Y
A = Compressive strain . i) l . (1-k)h i j=2 [ #m=3
p'=Tensile strain across depth . : '“)th/FBg \ — /A j=3
k = Neutral axis location - -
. L . gB.K,y) = Pecr oB.K,y) =Eecr (@k +bk ')
P = Max. Tensile strain, indep. variable
Geometrical control point Depth, % Strain Magnitude
. . _ v _ﬂk
Extreme compression fiber —kh A=p'= 1—k
Compression reinforcement —(05+k—1) ey —(a+k-1)p
1-k
000
Neutral axis 0 B'=0
—k
Tension reinforcement (Ot—k)h x=p"'= (al_k)ﬂ
% Ira A. Fulton
Schools of Engineerirjg Extreme tensile fiber (1 . k)h ﬂ' _ ﬂ
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Derivation of Moment-Curvature Relationship

Ectop=MEcr fo1
Fco
Incrementally impose
O0<g<g, P
Strain Distribution
Stress Distribution Ethot=Pecr Ft3

i Stress
Strain ‘ Stage : A>m, B>a

(q)u’Mu)

M,

L >F =0, determine k

Moment: M =2F y .+ 2ZF;y, M
Curvature: =g /kh
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Evaluation of Moment-Curvature using Piecewise Functions

Stage Tension TRC tensile Compression TRC compressive
strain strain
Zone 1.1 Elastic 0<B<1 Elastic 0< i<
Zone 1.2 | Distributed Cracking 1<p<§ Elastic 0<l<w
Zone 1.3 Hardening <B<B, Elastic 0<l<w
Zone 2.2 | Distributed Cracking 1<B<§ Perfectly plastic W< A< A,
Zone 2.3 Hardening K<B<pB, Perfectly plastic w<A<A,
(Py,M,)
. Pécr M 4 o
(1—k)h
)
E M
¢ =_¢r ¢ - ¢ i,j ¢cr M
cr cr
h
M. =LpiE M =m M
cr 6 Eer n-— ""ner
p =
%l Ira A. Fulton cri@ia  |pis @
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Serviceability based design, limit the moment and curvature to a
specific limit of strain, Variable 3

O
% Ocy=o0er t A

-
]
.
.l
[
n
]

GcrzgcrE .....

€c=A\ecr =Pecr
Ecy=MEcr gcr  Péc etrn=0ecr

Compression model Tension model

Ira A. Fulton
PSU .o Tension design Valid if o> f3
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Design guide for strain hardening Systems

e 1st Crack tensile strain, (material property) £, = Gg
* Allowable tensile strain, (tensile limit, 3,,..,) B, =L <qg= Cirn
max -
cr ECI”

* post crack tensile modulus  ,, _ L _ Opeak ~Ocr (eyn —£0r)

E E trn cr .

o . . w=2L  p=03

* compressive yield strain, Reduction factor T 5 '

cr

* Neutral axis depth and Normalized moment and Curvature at any given strain:

C, —+/ B*°C 2 _ 3 . B
LG JBC M,:C2k 2k+1 2pk ne

C - B Pz - 2(1-k)
2
C=n(f*-2p+1)+25-1 M, =" ho =2 P=P B,

C, =C,+2C,B- f*

BSU 505 eeng M, =M'BnM,. — ¢=¢'(B.m,

ARIZONA STATE UNIVERSITY




Design guide for strain hardening FRC Composites

2. Generate the moment curvature for the fixed value of post crack stiffness, n and all
values of B as an array. Plot the moment and curvature response.

3. Check the normalized compressive strain developed at top fiber must be less than
the normalized compressive yield strain
k
ﬂ“a’

VZE max

4. Since M’ and A, are functions of 3 and n, it is convenient to create design charts
4.1 M’ - B&n
4.2 7\4dv - B&r]

% Ira A. Fulton
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Design example of strain hardening TRC composites

—— n=o.42
B n=0.10
———+—+ 1=0.08
| Se—h—k 11=0.06
[F—H—F1 1=0.04
—A—r—A 11=0.02
| 3—6—6 1n=0.00
B G

oooooooooooooooooooooooooooooo

G 1-0.0243

b l‘ )
-
(o]

)
RN
N

®

k|
oo

Ay =7.8

}\‘dv = 8c/80r

]
N

<®=9.5
0 OK. Compression

oooooooooooooooooo

AY

1s still elastic

1 I 1 I‘I I 1 I 1

For a=22.8, n=0.0243
% Ira A. Fulton
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Modeling the localization effect and effect of residual tensile
strength under flexure using deflection criteria

min
0 200 400 600
L] I 1 I I: I
0.006 Yield
Maximum
Failure
= Localized zone "L~h
0.004 [
=
P P g
| | =
=
Ih=beam hight o
0.002

: Nonlocalized zone /:_
: actual curvature N M,‘ .
: . 0 5 10 15 20 25
: simulate curvature ) -
Distance from support, in
: Curvature Diagram
M

/‘_‘\ Bending Moment Diagram

MCF .

L L
< Py PERY
Strain Hardening Material Strain Softening Material
(a) schematic figure comparing in strain (b) curvature in different stages
hardening and softening materials. of loading
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Standard Design Procedure using ACI 544.4R method

(Parametric-based design)

Deflection, mm

6000
5000
4000
=
= 3000
!
2000
1000
0
Deflection, mm
1 2 3 4
6000 I T T T T T
—25
Beam PP-28days
5000 Test: ASTM C1609 .
Dosage: ﬁllbsﬁyclj 20
4000 PP4-A ]
PP4-B
= PPAC 15 E
1 Simulated .
"g 3000 Imulatet 1 ._g
3 =011, n=-0.445, y=1, 3
w=11, a=3, —10
2000 E = 23840 MPa, £,= 96x10°0 i
1000 |- -1°
0 1 | 1 | 1 I 0
0 0.05 0.1 0.15

' Deflection, mn |
ARIZONA STATE UNIVERSITY

Using these parameters, the location of neutral axis, moment capacity,

0 1 2 3 4 5 6
L L L L
L 25
Beam PP-28days
B Test: ASTM C1609 1
- Dosage: 41bs/yd? 20
[ PP4-A —15§
= PP4-B =
prac 4 =
L el
10~
- —\ff\—S
T
|\ 1 I 1 I 1 I 1 I 1 0
0 005 01 015 02 025
Deflection, in
2.5
2
g."f
=
él.S
o
é
l 0.5

(b)

G=1

)

“er

» -

= Ijtugcr

Tension Model, PP4

L 1 1 |

0

0.001

0.002

Tensile strain, in/in

0.003

[ )
(=1 =

—
=

Compressive stress, MPa

0
0

L

1 T 1
Compression Model. PP4

1 . 1 L 1

0.001

0.002

0.003

Compressive strain, in/in

and curvature of the section can be obtained at any imposed strain

0.004

58



2500 T T

—— 4000 7 . | ; | :
 mm— I 1 1 (b .
#6.3@2 2000 H )
i m _ 3000 H —
o 1500 1 E, - .
e=l I 0 =
2 2000 H —
= 1000 5
#10@4 ) . =
500 ¢ 1000 Multi-linear —
i y —— Bilinear
E. L | 1 | 1
1] 0.01 .02 0.03 0 L ' - L ' - ! )
Deflection, in 0 %107 Ax107 6x10°

Curvature, @, in"!
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Hybrid Reinforced Concrete Design & Back-Calculation
Software (Compiled Matlab GUI)

Deflection Profile

Strain Distribution 3 = 10 Stress Distribution 3
600 500

Design parameters can be specified based on
specifications on maximum allowed crack width, specific

deflection, maximum curvature, or stiffness criteria.
Output will produce 12 plots of various responses




Panel flexural tests Simulation

Variables Include: support Conditions, rebar configuration, and fiber content

25 I T I L] l L]

i | Yield Strain= 0.0025 |
~ I | ]
S5 | 7
-’
= | | i
g 10k -
- |

L | | | J

5 Tensile Rebar Strain _
| Exp. SRP-B2

L Sim J

|
O 1 l [l | ]
0 0.005 0.01 0.015

strain, (mst)

ARIZONA STATE UNIVERSITY



Force distribution in conventional RC
and HRC

conventional RC

Sudden change as soon as cracking occurs with
rebar tension taking over 100% of the tension
load within the serviceability range

Hybrid RC

With 1% fiber, there is gradual change with
cracking with rebar tension taking over only 20%
of the tension load at limit state




Three main contributions of the Model Representing the
Svnergy of fiber and rebar combination

1. Example Slab on Ground with a single
rebar at the mid-height

2. Simulated Moment-Curvature Response
comparing HRC with plain FRC and
conventional rebar

3. Additive contribution of fiber and steel
based on compatibility of strain analysis

4. Capability to use a serviceability-based
limit strain or curvature analysis

ARIZONA STATE UNIVERSITY
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RN
— on N

Normalized Moment, M’
o
o

L) I ] I ] I ] I ]
n=-0.584, k=20.83,y=1,

w=11.63, n=6.89, tau=3, a=05 |

=65

lg—

Plain FRC (p=0, p=0.3)

HRC (p=0.3%, p=0.3)

Rebar only (p=0.3%, =0) =

_:/ _ / \// \/ Id=w_h
h=6' \ /\% \\ L -
l N NN

fe——b=12" —] ]

0

30 60 90
Normalized Curvature, ¢'




Load Deflection by Moment Area Method

1P/2 1 P/2

L4
° L

L]
°
°

current
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Load Deflection Response

* Moment area method
* (Crack localization rules

Non-Localized
Zone

Mmax

(05-1,M;.1)

/
S (M)

Non-Localized

Localized
Zone

P Localized

Zone

\

/
2

= Loading
- Unloading

Axis of
| Symmetry
|

» Curvature

o
--- _ |
Ira A. Fulton
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Bilinear Moment-Curvature Model

p - Yer

Normalized moment-curvature

m(K)=x
-1
m(K):mp (K‘—l)+1
K,—1
m(K):Aj/[(j) K=¢l; m =

% Ira A. Fulton
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1, 2 2¢
MCF = gbd Egc,,. (DCI" = dcr
M(p)=Elp 0<M <M, 0<p <o,
M(p)= (pp_ T (p-p, )M, M, <M<M, I<p<q,
D cr

0<m<l 0<xk<l

I1<m I<k
El
Kp ¢_p 77 = E[cr
Der g




1-D Member: Moment-Curvature Distributions

M 5 M(9)= (pp:MW((P—cpcr)JrMcr 3PB 4PB
y » 4 i P/zl lP/Z
T l - > X
= =~ X L/3 | L/3 L/3°
2 L g ‘ L |
M’ M’

g ¢
(Pcr (P (PP >

m  Use static equilibrium to get
moment distributions

m  Moment distributions

Bilinear moment-curvature

\ g

Curvature distributions

¢ L/3-¢ L/6

[l




Analytical Deflection Solutions

, q .
Y lP Post-cracked Region According to beam type and loading,
4 et generate the moment distribution along the beam

Z 1

Bilinear moment-curvature =)

F
Jga

Generate curvature distribution along the beam
Find distance ¢ when Mi =Mer

> Rotation @

0<x< :
Region (D : 6, = j %1 dx +C Generate expressions of curvature

for M<M
- : (¢ <x<L Par (55, o
Region (2): 0., _.[0 %1 dx +J. (921 dx+C G<x< 2 0..(x.¢.q"), for M>M,,

» Deflection @

Region (D) : 0,,= _[ 1 (x)dx +C,

Rotation (6,,and 8,, ) in these two
regions is obtained by analytical

Region @: 5, = jj 0, ( x) dx + J.; 0,, (x ) dx+C, g<x S% integration of the curvature
Boundary conditions @
The cqnstants of integration deﬁneq in terms of C; are Deflection (6,,andd ,,)
numerical values which are determined based on the is obtained by analytical
boundary conditions. integration of the curvature
% Ira A. Fulton
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Solutions are available for other loading types

y M YA q
T ﬁ AV IV I G Vbbb bbby
V4 —» 7 —
= 7 w. 7 X
- L , - L -
[« >
A/(Z}iT M y A Pl
2 7
.h. waul X : i—>x
la L | la L |
« > I~ i
y q y A Pl
Liiigiigii&iigii&ﬁii v 1—>
i AN 7
| L o le S >l
[ > L L ' N
>

m Different equilibrium equations affecting Moment distribution
m  Simply supported beam and cantilever beam.
m 8 different loading types
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Experimental Verification of bilinear moment-curvature
Data Set 1 — TRC PP and Aramid Fibers

= Three-point bending test Simulated Parameters (Avg.)
= 30 (b) x 9(d) x 220 (L) mm ID  equstr E,Gpal n m q EI 10’ El,, 10’
= Textile fabrics: 100P 130 22 0.01 4.28 298 4.0 0.044
> Polypropylene 100A 130 22 0.1 17 157 4.0 0.41
. 25A75P 130 22 0.05 1048 198 4.0 0.202
» Aramid
6 L) l L) l L) l L) 120 l L) l L) l L) l L) l L)
3-Point bending
- - - 30x9x220 mm -
IS 3-Point bending 100 % Polypropylene
100P ?; 4 30x9x220 mm _ 80 _
5 z
= L . = I _
= m)s
(&) (@]
N i
g2 - 40 -
3 =298
L - O O OExperiment -
Simulated
0 ] 2 ] 2 ] 2 0 @ 2 ] 2 ] 2 ] 2 ] 2
0 100 200 300 400 0 7 14 21 28 35
Normalized Curvature, q' Deflection (mm)
Normalized curvature vs. Normalized moment Deflection at mid-span vs. Applied load
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Simulations

Composite Classification Model used

(1) ECC Strain hardening Full

(2) GFRC Strain hardening Full **

(3) SFRC Strain Softening, (deflection Simplified *
hardening)

(4) SFRC Strain Softening, (deflection Simplified *
softening)

(5) Ferrocement | Strain Softening, deflection Bilinear/
softening & hardening Softening **

* Soranakom, C., and Mobasher, B., “Closed Form Solutions for Flexural Response of Fiber Reinforced Concrete
Beams,” in press, ASCE, Journal of Engineering Mechanics, August- 2007

** Soranakom, C., and Mobasher, B.,“Closed-Form Moment-Curvature Expressions For Homogenized Fiber
Reinforced Concrete” ACI Materials Journal, in press, July-August, 2007



Engineered Cementitious Composite (ECC)

Simulation of Strain hardening

e 2% Polyethylene (PE), Maalej, M. (1999) M., = 37363N-mm, ¢.,=1.181x10°

* Parameters: ¢ = 0.006, E=4750 MPa, M ax=4-1, ¢'ax=67.9
o =95, B,, =117, u=1.49, n=0.009, My =41, ¢y =67.9

v=18.4,1,,=20

12 I | | I | | I | | I 1
| f=60MP 1 £ c
10F 'c T a —~ = ~
- ch = 48.2 MPa - @ -
—~ 8} - o —
| ] 7 |
= ©
6| - S -
"
S LL
[}
- - c—g -
21 O O O Experiment g_ 21 O O O Experiment ]
- Fitted model + L - Fitted model 4
0 L& L | L | L | L 0 L | L | L | L
0 0.02 0.04 0.06 0.08 0 2 4 6 8

Strain (mm/mm) Deflection (mm)



Glass Fiber Reinforced Concrete (GFRC)

Simulation of Strain hardening

* 5% by weight AR-glass Marikunte, S. (1997)
* Parameters: ¢ = 0.001, E=7500 MPa, o = 24,
* B, =60, u=0.65,n=0.042,y=2.02,A,=8

20 I | | I | | I | |
| A Modified model
S (1.30¢cr)
= 161~ / : Fitted model
o L /’ :O O O Experiment -
= 4 b i
7p] 12 . :) : =
N |
GLJ -/, O | -
) : O! (=N =)
o 8 ] -
2 Qe e
>
ON@) )
oll I B
0 0.02 0.04 0.06

Tensile Strain (mm/mm)

0.08

Load (kN)

o
o

S
o

o
~

e
N

My, = 6250 N-mm, ¢, =2.0x10
M _.=3.63, ¢ .= 155
M, =3.63, ", = 15.5

Modified model

(1 .3080r)
Fitted model

O O O Experiment

---------------\

Deflection (mm)

4

8

12



Steel Fiber Reinforced Concrete (SFRC)
Strain Softening, deflection hardening

e 1.0% hook end steel fiber, Lim, TY. (1987 _ _ i
6 (1987) M. = 49191 N-mm, ¢,=2.32x10-
* Parameters: ¢, =0.000116, E=25400 MPa, M =228, ¢ .= 66.2
max - ) max -
h=0.83, By, =129, A, = 34.4 M, =2.28, ¢’y =66.2
5 T I\\‘l | T | T 10 T | T | T | T (l) TD
L, | mm——— Modified model (1.02¢¢y) - L ___gj_:_@ ______ -l
4 Fitted model =€

=T O O O Experiment B B

o L - -
=3

o 3 7
n

© 3
n

o 2 -

= 1 2 ----- Modified model (1 .OZSCr) —

Fitted model
O O O Experiment i
[ | I [ | I [ | I [ | I [ |

\ 0
0 0.0005 0.005 0.01 0.015 0 1 2 3 4 5
Tensile Strain (mm/mm) Deflection (mm)

ARIZONA STATE UNIVERSITY



Steel Fiber Reinforced Concrete (SFRC) Strain Softening, deflection

softening
. 0 : : _ _ _ ]
0.5% hook end steel fiber, Lim, T.. (1987) Mcr = 46821 N-mm, d)cr =2 21=x10
. Pa_raomzel;cers. Fj”l - g.c})LooElalé §=254oo MPa, M’ ax=1.00, ¢’ 0= 1.00
H=UV.24, Btu - y foey = 90 M ult =O.69, (1) ult — 70.5
5 L] I\h I L] I L] 10 L] I L] I L] I L] I L]
[ | m=——— Modified model (1.61¢e¢y) A [ mm——— Modified model(1.61¢e¢y) A
,": Fitted model Fitted model
= 4r ',': O O O Experiment B 8 O O O Experiment m
ol i I i | .
= | |
3F 1| - Z 6 -
(7)) |
N i = N =) S @Y
2 - O YR S0 Qemmm e mmmm
c F ! - -
S :
1 b e e e e 2 -
AT Oy
N\ Uoc o
O ] I\\l I ] I ] O [ | I [ | I [ | I [ | I [ |
0 0.0005 0.005 0.01 0.015 0 1 2 3 4 S

Tensile Strain (mm/mm) Deflection (mm)

ARIZONA STATE UNIVERSITY



Use of Moment-Curvature response as material property of 2
node, 3- DOF per node beam elements

4,000 — T
5 -
u, uz
0. 000et00
-5 230=-01 R — 2
~1lE46=t00 3.000
-Z.463=t00 ,
-3lz3zat0o
-1.115=400
41538a400 [ ey
5.761et00
& sEdat0o
34072400
5.230=t00
5053=t00
518762400

Load (N)
N
o
o
o

1,000 O O O Area Moment Method |
fe—pe—ri 4 Elems (FEM)
> ==X 40 Elems (FEM) i
<», 1 I 1 I 1
0 4 8 12
B | e, e Mid Span Deflection (mm)

- : e
-3.345e+00
-3, 758e+00

Ferrocement, V= 1.51%, 40- B23 bending elements,

Soranakom, C., and Mobasher, B., “Correlation Of Tensile And Flexural Behavior Of Fiber Reinforced Cement
Composites,” Ferro8, proceedings of the 8th International Ferrocement and thin reinforced cement composites
Conference, Bangkok, Thailand, 2006.



Back Calculation of Material Properties

Load Deflection Response Tension Model Compression Model
7,000 ; ; 5.00 50 -
6,000 @ O Experiment 400 f o /
5,000 —e—Model 8 g 4 /
! (4] (/5]
o o o | = 3.00 ® 30
o f s N
S 8,000 4 T 2.00 $ 20
2,000 2 g /
1,000 1.00 g 10
0 ‘ 0.00 0
0.0 2.0 4.0 6.0 0.000 0.005 0.010 0.015 0.000 0.001 0.002 0.003 0.004
Deflection, & Tensile Strain Compressive Strain
Beam Size
test method 4 point bending b= 100 L= 750
Don't need Lp 0 d= 100 S= 250
Material Model
E= 25400
ecr= 0.0001781 strain stress
0.0000000 0.00
tension ecr = 0.0001781 ocr = 4.52
u= 0.24 ecr = 0.0001781 op = 1.09
Btu = 84.24 etu = 0.0150000 otu = 1.09
compression 0.0000000 0.00
‘ o= 10.30 ecy = 0.0018341 ocy = 46.59
ACU = 22.46 ecu = 0.0040000 oCu = 46.59

ARIZO



Plastic Analysis Beam and Panel Flexure

q

YYVVYVYVVYVY

int ext

25 LYo
2M 0 =2M, (Tj =2/q (5] (Ej]
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Plastic analysis, Round Panel- Fixed or Free

x

\ 4

Fixed
edges

max

max

0 0

W =W F =47M p

int ext
R
47Z'MP _ 27Z-R Qult
2 3

% Ira A. Fulton
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Concentrated Load Pult = 27Z'MP

2
QultR

M, = dult™
P12

Distributed Load



2-D Member: Slab and Panel

Model Approach

Moment-Load
(Yield Line Analysis)

p—

Input - Moment
Qutput - Load

~ |M-P| =
x <
M e OM |
sy P-5
e M-@| Methodolo Load-Deflection

Input - Material and Moment-cxiature /
)

geometrical properties < »
Output - M- relationship vﬁ\\

> e8] ¢

=

Curvature-Displacement
Kinematically admissible
displacements

dmax
0

Input - Curvature
Output - Deflection

& Ira A. Fulton
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Type of Members

Round Panel Rectangle Panel Square Panel

Simply supported

Boundary conditions
Clamped

= Stage I: Elastic Solution

= Stage II : Yield Line Approach



Elastic Solution for Panels

Case :1'1 y »  Case 2.1

B N N Y N N N N . . W . W W . . W N
'y

Case 1.2 b

4
a4
D

NNNNNNNANN

=
N N T .

FNAHAHAHTITTHTITRTHTHITRRTRRRNRNR

b Case 2.2

<

). 9.5 9 S F9.9.9.P.FP. V.09 B B%.

A

x X
4 X X 2
& : 0.032(1-v7) (ga
al| « § 4 Ef
167D\ 1+v 162D x x 1+(%)
X X
X
Case 3.1 Case 3.2 ADNAAAARAARAARAAAAAAA
— —
O ANVMAN VAR AN ANAANY XXX XXAARXAKAXXNXX
ry d x
/ .
/ / i ; Round Panel — Point load (P) at center
X .
a|; / al ; Rectangular/Square panel— Uniform load (q)
i r i !
X
2 ; : + : K Moment Rotation
AMAVARARRVAR RN AANAARK KA RRRRAAARA X
qa4 0.032 qa4 XXX X] — 3 Clamped support v x
0.00406— Dbt ERVER | B el
D 7 (1 v )(Efj —> Simply supported X \
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Plastic Solution: Yield Line Moment— Applied Load

w.=W

ext nt

2(NO&)=2(ml6)

Work done in moving loads = Work done 1n rotating yield lines

Assumptions:

= Failure takes place according to the assumed pattern

" Yield lines are straight and end at slab boundary

" Yield lines at vertexes are at 45° to the edges in case of square and
rectangular slabs

* Hogging moment about the yield lines and sagging moment about the
supports are equal

N — Load, 0 — Defl., m — moment abt. YL, / — length of YL, & - Rotation

% Ira A. Fulton
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Yield Line Moment — Applied Load
Case study

Square panel with simply supported edges Uniform load: ¢
a
erxt = VVint I‘ >|
SSNNNINNNNNSN
(N 8)=(ml6) A0.5a g m \ A
a’ 1 t v 7 e Smﬂu
va B Z(N 5) =4 7573 1 Z § Simply supported
\
. . . . X f \\\\\\\\\\\\\\\\
Equivalent point load  Deflection of the centroid 4
i |« >
VVim:Z(mlg):“X ma = Smax~"
0.5a V1 6
Section A-A

¥

2
99
24
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Yield Line Moment — Applied Load

Case 3.1

| |
UMMMV AMANAAAAMAALY,

ry

I
e e e

S NN NN NYN

T T
2
qa
24
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I
[«

Case 1.2

2K X 3 X XX X<

P
m = —
47
Case 3.2
| . i
AXXKXKXXXXAAXX XXX
X
X
X
X
b
b
X
b
XAAAAXXKXXXXXAKKAX
2
qa
m—=——-
48

b

I\4\\\\\\\\\\\\\\\\;i, Case 21

‘| / gb* (3b—a)
’ ’ m =
/ / 12(2b + 2a)

AR HRNRRRRTHRIRNRNRERRTIRR{NN

f
- : Case 2.2

XX K KR HX XK HA XXX XX

gb’ (3b—a)
m=
12(4b + 4a)

o
XX XXX XK X
XU XK XK XXX

AAAARARXRXRXARXRXREAAAAX

Round panel — Point load (P) at center
Rectangular/Square panel— Uniform load(g)

Moment Rotation

XXX X] — 3 Clamped support v x
—>  Simply supported x N



Curvature-Deflection Relationship for
Square panels

(0,a,0) (a,a,0)
D n C
Square panel vy n, 2 -
a a 1 = E 3 a
_ﬁQ,a,S )I(a.a.O) (0.52,0.5a.9) (0'5"0'5"<
D C v v
A B
(a,0,0)
a 5a,0.5a,5) 000 .
Equation of plane # 1 Equation of plane # 3
Y A B (ad)x—0.5a°z=0 (ad)x+0.5a°z—a’6=0
(0,0,0) (a,0,0)

Angle between plane # 1 and #3

a’6* -0.254" 452 — a>
0.5a,0.5a,5 cos20 =cos(r —2¢L*) = _
| ( a ) > \/(a252 + 0.25a4)\/(a252 + 0,25a4) 46 + a*
Simplifying 5.4 [L-cos2pL*
2\ 14+cos2¢pL*

L* is the hinge length
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Curvature-deflection relationship

Rectangular panel
x N —> oM X
I Y B
1 3 a
) 2
45
K —> v L
< >
b
. QL. 9L
T oLs” o WUV 4
< 2 «—>
b a
5.4 1-cos2(¢p,L*)
2\ cos2(¢,L*)

Round panel

omax

QL @L*
) ,2_9\ (& §5

2Ry

— %
S—R 2 —2cos(pL*)
1+2cos(pL*)

¢oL* - Rotation, L* - Hinge length, L — Length, ¢ — Curvature, 6 - Deflection
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Experimental Verification

Moment-curvature Load - deflection @

p_Mc'r

M(p)= (©—, )+ M,

Input
imension: b, d,
1al prosperities:

Calculate
=bd?Eg_./6

Cr Ccr

(pCI'=2801'/d
Stage 11
Calculate

Select position x
me maximum g ‘a
p from g =0 to ¢

Stage [
Calculate

), P(1), 6 (1)

m Ira A. Fulton
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Experimental Verification
Data Set 2 — Square Slab

Square slab with point load at center
680 mm x 680 mm, thickness is 80 mm

Steel fiber ve=1.0% and 1.5%
2 1 ' T 7
1.6 Tension Model
L v =15%
= v =1.0%
w 1.2k
(7))
o
%)
o 0.8 o =1.9MPa
5 a=160, u=0.3
C
()
=04l
o =1.5MPa,
1 a=130, p=0.2
[l ' [l ' [l ' [l

FsU

0
0 0.02 0.04 0.06

Tensile Strain, mm/mm

Ira A. Fulton
Schools ¢ Engireering

ARIZONA

STATE UNIVERSITY

0.08

N W B
o o o

Load, KN

RN
o

Span = 680 mm x 680 mm _
Thickness = 80 mm

O O OV = 1.0% Exp.
v, = 1.0% Sim. T
NN 1.5% EXp. =
v = 1.5% Sim.

3 6 9 12 15

Displacement, mm



Simplified Design Approach

e Step 1: Determine the full range moment-curvature relationship
using the closed-form equations

e Step 2: Obtain simplified relations using polynomial curve fit

Stagel: m=xK
Stage2.1: m :2.805—% (ascending) ST T 7171
K L
— (10 Ve _ 3 . 251 A A AStage 1
m=(10"*)x" —7.966(107 )k +2.45 (descending) g 29 —o—o Stage 2.1
3949 =l i & ¢ ¢©Stage 3.1
Stage3.1: m=0.592+ = é 2 Curve fit
(@)
For clear span of 680 mm, thickness 80 mm, cracking stress as = 15K
(0]
1.5 MPa, moment—curvature relationship of Stage 2.1 can be shownas £ | \ zf_j;(-)o"ﬁ’_g{ 1.5 MPa,
£ N
O A U900 VOOV OV
.1-802 Zo5& T
M =|2.806— 1882 1.5-1-80 = 4489.6—ﬂ N -mm (ascending) A
\/¢/(15'1076) 6 \/5 0 “ N 1 N | N [ N ] 3
M =[~7.111(10")¢* 849719 +3.920 | (10°)N - mm (descending) 0 100 200 300 400
Normalized Curvature,
Similar expression can also be calculated for Stage 3.1: Curve fit of the moment-
s curvature relationship
M= {946.72 +%} N -mm
@

% Ira A. Fulton
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Cont’d

* Step 3: The boundary conditions are simply supported on
all sides. The moment-load relationship for a point load

for square slab is as follows:

P=8m,

* Step 4: The curvature-deflection relationship for a square
slab in cracked stages (2.1 and 3.1) are derived as

follows:

Elastic stage: O

Cracked stage: O = 3

_000406PL  Ef

b

T 12(1-0%)

L \/cos @L*(1—cos gL *)

cospL *

* Step 5: Calculate the load-deflection result using the

results from Steps 3 and 4.

% Ira A. Fulton
Schools of Engineering
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40

Load, KN
N w
o o

—
o

Load, KN
N w
o o

T r ' 1 v 1 ' 717
Span =680 mm x 680 mm
- Thickness = 80 mm b
>< v, = 1.0%, o = 1.5 MPa,
- a=130, u=02 .
- O O OExp. -
Stage 1
- Stage 2.1 4
Stage 3.1
- -
L O 0o o o -
P | I RN T
0 3 6 9 12 15
Displacement, mm
T r ' 1 v 1 ' 717
i Span =680 mm x 680 mm |
>< Thickness = 80 mm
— v =15%,0 =1.9MPa, =
I a=160, p=03 .
(e}

o 8 O O OExp. -
o o Stage 1
[|© °6 Stage 2.17
-8 © Stage 3.1

D
-5 - 4
-;) %4 o]
Lo 4
D
| I RN T
0 3 6 9 12 15

Displacement, mm



Experimental Verification
Data Set 3 — Round Panel

Round panel with point load at center
Diameter is 750 mm, thickness 1s 80 mm

Steel fiber v, =1.0% and 1.25%

T T T 7 O
R . [ Diameter =750 mm
_ Tension Model 50} Thickness = 80 mm
N v=100% -
= v =1.25% 40
D
S 2H - > 30
; :
[
a1 o =3.0 MPa, ) —! 20
S 1L n=24,0=100, p=0.25 | [# 0 o ov =1.00% Exp. 5
= ol v =1.00% Sim.
.| 0 =2.5MPa, \ - § 2o o av= 1.25% Exp.
nZ24, a=140, p=0.20 ! v = 1.25% Sim.
O 3 | 3 | 3 | 3 | 3 O b 1 |f 1 | 1 | 1
0O 0.005 0.01 0.015 0.02 0.025 0 5 10 15
Tensile Strain, mm/mm Displacement, mm
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Probability based model

Frequency R Frequency
Q
- Load _—
failure failure \ In(Q/R)
V= Coefficient of variation of R

V= Coefficient of variation of Q IB _ [n ( R/ Q) B, number of
\/ VRZ + VQ2 standard deviations
% éi:a}llgéllz;li}tgﬁgineering
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Conclusions

« Moment curvature response of fiber reinforced concrete composites can be
derived explicitly

 The material model can be used to predict the flexural behavior of:
— strain hardening materials

— strain softening materials
* deflection hardening

* deflection softening

* Direct application of uniaxial tensile stress strain response under-predicts
the flexural response for material that is brittle.

* Ratio of Flexural strength to tensile strength can be predicted using the
present model.
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Conclusions

* C(Closed form solutions of the moment curvature response provide a
direct and universal method to design and analyze FRC materials and
structures.

* The higher the brittleness of the material the higher differences are
observed in correlating the tensile and flexural responses.

 When used in conjunction with the moment-area method and crack
localization rules, moment- curvature responses can be used to predict
load deflection response of various loading geometries.

* There are direct applications for design and analysis of FRC structures.
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Stage [ Stage 11 Stage III
O<A<1l) (<A< (A > m)
F, wk(w—2)
bdEs., ) )
F, A Ak o’k
bdEe,, 4 2 24
LA I3 &
bdEe,, 4 21 24
F, ,u(/1+1)k ,u(ﬂ,+1)k
bdEe,, T #7
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Normalized height of comp. and tension zones for each stage of
tensile strain at bottom fiber, 3

Normalized  Stage 1 Stage 2.1 Stage 2.2 Stage 3.1 Stage 3.2
height ~ (0<Bp<1) (I<p<w) (I<Pp<a) (B>o) (B> o)
and and and and and
A<o) (A <o) (W<A<Aa) (A<o) (@<A<Aia)
h, ] ] k,B—a)(l—k) ] kﬁ—a)(l—k)
d B B
hy . . o(1-k) . w(1-k)
d B B
Ay ) -k -k
7 1-k F; 5
hy (1-%)(B-1) (1-F)(a-1)
d B B
iy _ (1-K)(f-a)
d B
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Normalized stress at vertices for each stage of normalized tensile
strain at bottom fiber (3)

Normalized  Stage 1 Stage 2.1 Stage 2.2 Stage 3.1 Stage 3.2
stess  (0<B<1) (1<p<a) (I<p<a) @B>a) (B>
and and and and and
A<o) A<e) (@<A<Aa) (A<0) (@<A<Aa)
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Normalized force component for each stage of normalized tensile
strain at bottom fiber (3)

Normalized  Stage 1 Stage 2.1 Stage 2.2 Stage 3.1 Stage 3.2
force O0<B<1l) (I<B=<o) (1<B<o) (B> ) (B> )
component and and and and and
A <) A <) (0 <A < hew) (A <o) (© <A <Ae)
F
deczcr i i %(ﬂk+wk—a)) i %(ﬂkmk—w)
F prk? prk’ o’y prk’ o’y
bdEe,  2(1-k)  2(1-k) ﬁ(l_k) 2(1-k) 25174
I B (1-%) (1-k)
bdEcs,, 2 (1-%) 20 2p
F ] (1-K)(B-1)(nB-n+2) (1-k)(a-1)(na—n+2)
bdEcs,, 205 25
Fs (1-K)(B-a)s
bdEs,, ) ) ) B
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Normalized moment arm for each stage of normalized tensile strain

at bottom fiber (3)

Normalized Stage 1 Stage 2.1 Stage 2.2 Stage 3.1 Stage 3.2
moment  (0<B<1) (I<p<a)  (I<P<a) (B> (B> )
arm and and and and and
(A <o) (A <o) (<A< Aw) (A <o) (0 <A< A
Ver Zw(l—k) 2a)(1—k)
d 38 30
Y %k 2, ,Bk+a)(1—k) gk ,Bk+a)(1—k)
d 3 3 2 3 2p
o 20 2(1-4) 2(1-#)
d 3 3 p 3 5
Y2 2nB> —nB-n+3B+3 B 2na’ —na—n+3a+3 B
Yo : (1-k) (1-#)
d 3B(nf-n+2) 3B(na—n+2)
Yo - - - @+ B) (1 g
20
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Drainage trough and cover

m structural applications such as light weight drainage trough
and covers
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Design example of strain hardening

Determine the moment capacity of the drainage trough cover
made of nominal 3” thick. Can it withstand the truck tire pressure of 80 psi

From manufactures, the GFRC used has

w-'% 23\

- Compressive strength, .’ = 9,500 ps1 € >
tire pressure 80psi

- Young modulus, E=215x10°psi ¢y yvevuvvvyy

- Cracking tensile strength, 6= 850 psi
- Peak tensile strength, o, =1,300 psi

- Tensile strain at peak tensile strength,
€, =0.009 1n/in

The problem can be considered as
a simple beam of one inch strip
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Material Properties used
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Design example of strain hardening

1. Calculate material parameters
850

o —4
- Cracking tensile strai Eop =—F = =3.953x10
racking tensile strain, T 5 15%10°
- Normalized tensile strain at peak tensile stress o = fym _ 0009 7 =228
Er 3.953x10°
- Normalized post crack tensile modulus
o= 0.85x f, _ 0.85x9500 _95
o, 850
p=Lar _ Opeak = Oer 1300850 = 0.0243

E  (&m—¢,)E  (0.009-0.0003953)x2.15%10°

- Normalized compressive yield strain
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How to use design charts

* Use the maximum normalized tensile strain to get the normalized ultimate
moment M’
* First, use M’-B&n chart
— draw a vertical from B=a=22.8 to the curve at n = 0.0243
— then, draw a horizontal line to the left, get M’=3.2
* Check the normalized compressive stress by A, -f&n chart
— continue the vertical line to the curve at n =0.0243
— draw a horizontal line to the right, get, get A,,=7.8
— Ag=7.8 <w=9.5 =>compressive strain is elastic =>0K
* Thus, M’=3.2 for this material used
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Design example of strain hardening

2. Calculate cracking moment I Gcrbhz _ 850 x 1x 32

=" =1,275 Ib-in/in

3. Calculate moment capacity
oM, =oM . M'=0.65x1275x3.2 =2,652 Ib-in/in

4. Ignore self weight of the cover (negligible compared to the truck load)

w, =1.2(~ 0)+1.6(80) =128 psi

5. Calculate the ultimate moment at mid span

v wl? 128x12°
u
8
Thus, the 3” thick is sufficient
% Ira A. Fulton
Schools of Engineering

ARIZONA STATE UNIVERSITY

=2,304 1b-in/in < M, 2,652 Ib-in/in =>0K
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