
Flexural Modeling and Design of Fiber 
Reinforced Concrete Structural Sections

How Fiber Reinforced Concrete can be integrated as an economical, sustainable, and 
durable aspect of our infrastructure

PhD Summer School, Politecnico di Milano
July 2nd-7th 2021

Barzin Mobasher
Arizona State University



Outline
• Objectives
• Overview of FRC material responses 
• Parametric Material models
• Algorithm 
• Closed form solutions for moment curvature diagram
• Load deflection response
• Simulations
• Conclusions



Strain Softening and Strain hardening

Typical stress-elongation curves in tension of fiber
reinforced cement composites: (a) strain-softening. 

(b) strain-hardening.
Naaman, A. E.,“High performance fiber reinforced cement composites: classification and applications”, CBM-
CI International Workshop.
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Unified representation of FRC Composites

• Four Response Systems
– Strain Softening/Hardening, 

Deflection Softening/Hardening
• Strain softening behavior 

– Discrete fiber systems
– SFRC, PFRC, GFRC, SIMCON, SIFCON

• Strain hardening behavior 
– Discrete & continuous fiber systems
– Textile reinforced cement (TRC), 

GRFC, Ferrocement (FRC), ECC
• Load-Deflection Calculations

Wille, K., El-Tawil, S., & Naaman, A. E. (2014). Properties of strain hardening ultra high performance fiber 
reinforced concrete (UHP-FRC) under direct tensile loading. Cement and Concrete Composites, 48, 53-66.



Materials Responses, Structural Consequences

• FRC materials as structural members
• Similarity in material constitutive models

– Tensile response ~ various levels of ductility 
– Tensile strength << Compressive strength

GFRC, UHPFRC

ECC

TRC

εTension Model

σ

Paste

SFRC

• Elastic response
– Use standard composite materials 

models
– Composite laminate theory
– Finite difference approach for tension 

stiffening

• Allow damage based models
– Fracture mechanics
– Damage based models
– Plasticity based models



Strain Hardening Cement Based Composites
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• Initial linear elastic response
• First cracking strength a function of 

fiber content
• Distributed cracking start to saturation
• Saturation crack spacing
• Tension stiffening
• Ultimate strength

• For Strain hardening cement 
composites, we should ignore the 
stain softening portion



Tensile Strength vs. Flexural Strength 
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Aldea C. M., Mobasher, B., Jain, N., “Cement-Based Matrix-Grid System For Masonry Rehabilitation,” Textile Reinforced 
Concrete (TRC) - German/International Experience symposium, ACI Special Publications, ACI Special Publication, 2007. 



Uniaxial Tension vs. Flexural Bending

• Uniaxial Tension
– Pro: Constitutive material properties
– Con: Tension test is difficult to do!

• Flexural Bending (4 point bending)
– Pro: Bending test is easier to run
– Con: Unconservative results!

flaw

flaw



Size Effect

• V.Calard, J.Lamon, “A probabilistic-statistical approach to the ultimate failure of ceramic-matrix 
composites—part I: experimental investigation of 2D woven SiC/SiC composites,” , Composites 
Science and Technology 62 (2002) 385–393



Weibull based approach

• The fracture probability can be given as:  

• Mean and COV 

• The effective volume of the four-point bend strength tested with a load span of 
one-third of a support span is given by:

• Comparison of the failure probabilities of the tensile and the 3-pt bending test 
specimens:

Assume m=7, Vt/Vb = 1, σb/σt = 1.64
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Flexure design of RC

• Cross sectional analysis
• Plane section remains plane
• Compression: stress block method
• Tension: ignored
• Ultimate limit state: moment capacity



Testing and Design Concept for FRC

The simplified design assumption for a beam with traditional and fiber and  
reinforcement. 
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Traditional RC FRC



RILEM Stress-Strain Model for FRC

The model stress-strain diagram 
the same as proposed by RILEM 
and shown in  the figure. The key 
points of the tension side of the 
diagram are found in a flexural test 
of a notched beam.

• σ1, and ε1 – tensile strength and corresponding strain
• σ2, and ε2 – stress and strain at the onset of the stable strain softening branch
• σ3, and ε3 – stress and strain at the end of the softening branch



RILEM Method for Test and Design

RILEM (EN 14651), a 3-point bending test on a notched beam and using the flexural load 
vs. crack opening (CMOD) response. Parameters of Fr1 to Fr4 correspond to apparent 
flexural load at crack opening of CMOD1 (0.5 mm) to CMOD4 (3.5 mm) 



Residual flexural-tensile strength parameters, fRj, are calculated from the Load-CMOD 
curves with regard to the beam dimensions. A simplified model is adopted to compute the 
equivalent ultimate tensile strength in uniaxial tension fFTu by means of the residual nominal 
bending strength fR3 as shown.

Fj is the load corresponding with CMODj
fRj is the residual flexural tensile strength corresponding with CMODj
l is the beam span length [mm];
b is the width of the specimen [mm];
hsp is the net height: distance between the notch tip and the top of the specimen [mm].

RILEM Method for Test and Design

2
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3 .
.

sp
R hb

lFf =
3

3R
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ff =



Limit states for the combined compressive and bending stress: use the 
constituent simplified laws. Both softening and hardening responses can be 
modeled using a simplified stress block as shown in the figures. 

RILEM Method for Test and Design



Simplified Material Model for strain softening, (fib model)

• Two material parameters (εcr ,E) and four normalized 
parameters (ω, µ, λcu, βtu)

cr
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Material Model for Strain Hardening and Softening

• Two material parameters (εcr ,E) and six normalized 
parameters (ω, γ, λcu, α, βtu, η), 

εcεcy= ωεcr εcu=λcuεcr

σcy = ωγσcr

Ec = γE

σc

Compression model Tension model

σt

εcr

E

σcr=Eεcr

εt
εtu=βtuεcr

εtrn=αεcr

σcst = µσcr

Ecr = ηE (0< η <1 )

Ecr=ηE (-∞< η <0 )
-∞< µ <0

0< µ <1

µ =f(η)



Parameters Simplification
• Tension and compression strains:

• Stress and strain limiting parameters:

• Moment and curvature
cr

cr
2 = 
d
εφ2

cr cr
1M  =  bd E
6

ε



Derivation of Moment-Curvature Relationship

Strain Stress

Incrementallyimpose
0 < εt < εtu

Strain Distribution
Stress Distribution

ΣF = 0, determine k

Moment:  M = ΣFciyci+ ΣFtiyti

Curvature: φ=εc/kh

Simplified
bilinear moment-curvature

Stage : λ>ω, β>α



Stress and Strain Distributions in Different Stages

0 < β < 1 and λ < ω

1 < β < α and λ < ω

α < β < βtu and λ < ω

1 < β < α and λ > ω

α < β < βtu and λ > ω



Strain Softening: Force Component and Moment Arm at Each Stage of 
Normalized Top Compressive Strain (λ)
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Fxi /(bdEεcr) and yxi/d, 
respectively where xi refers to c1, c2, t1 and t2

Soranakom C, Mobasher B. “Correlation of tensile and flexural responses of strain softening and strain hardening 
cement composites”, Cem Concr Comp 2008;30:465–477.



Normalized Force Terms and Moment Arms

Soranakom C, Mobasher B. “Correlation of tensile and flexural responses of strain softening and strain hardening cement composites”, 
Cem Concr Comp 2008;30:465–477.



Strain Softening: Net force, Moment and Curvature for Each Stage of 
Normalized Top Compressive Strain (λ)

Stage Net Force Moment Curvature 

0 < λ < 1 1 1c tF F− +  1 1 1 1c c t tF y F y+  

1 < λ < ω 1 1 2c t tF F F− + +  1 1 1 1 2 2c c t t t tF y F y F y+ +  
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Strain Softening: Simplified Solutions of Neutral Axis 
Depth and Moment-Curvature
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Soranakom, C., and Mobasher, B., “Closed Form Solutions for Flexural Response of Fiber 
Reinforced Concrete Beams,” in press, ASCE, Journal of Engineering Mechanics, August- 2007



Closed Form Solutions for 
Strain Hardening/Softening material

21
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Soranakom C, Mobasher B. “Correlation of tensile and flexural responses of strain 
softening and strain hardening cement composites”, Cem Concr Comp
2008;30:465–477.



Effect of compression to Tension strength ratio, ω (Elastic 
Plastic Material, µ=1)

0 10 20 30
Normalized top compressive strain, λ

0

0.1

0.2

0.3

0.4

0.5

N
eu

tra
l a

xi
s 

de
pt

h 
ra

tio
, k

ω=1

ω=4

ω=7
ω=10

µ    = 1.00
εcu = 0.004
εtu  = 0.015

0 20 40 60 80
Normalized Cuvature, φ'

0

1

2

3

N
or

m
al

iz
ed

 M
om

en
t, 

M
'

ω=1

ω=4
ω=7

ω=10

cr
cr

2 = 
d
εφ2

cr cr
1M  =  bd E
6

ε



Strain Softening Materials (η=0, α=1) 
Effect of post-peak tensile strength, µ
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Beams,” Journal of Engineering Mechanics, Vol. 133, No. 8, August 2007, pp. 933-941



Range 2.1 - Compression Elastic - Tension Hardening 

Elastic perfectly plastic tension (η=0 )
Elastic (η=1 ) η=ratio of Slopes



Development of Design Guides

• Deflection Softening-Deflection Hardening Transition

– For ω = 10, µcrit=0.355

• Ultimate Moment Capacity
– µ = 0 – 1 and ω = 5 – 15

• Required Post crack strength for a given moment
– M’∞ = 0.1 – 2.5 and ω = 5 - 15
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Range 2.1 -Compression Elastic - Tension Hardening

β γ
η β β β= + − + −=
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Special Case: Ec =Et (γ=1 ) , 
Elastic perfectly plastic tension (η=0 ) 
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0.5 β β β+ +20.5( 1- 2 ) 2 -1  1 60.773 0.108 10− −− + x k  0.507 0.686ϕ+  

0.2 β β β+ +20.2( 1- 2 ) 2 -1  2 60.654 0.516 10− −+ x k  1.105 0.383ϕ+  

0.1 β β β+ +20.1( 1- 2 ) 2 -1  2 61.276 0.289 10− −+ x k  1.461 .234ϕ+  

0.05 β β β+ +20.05( 1- 2 ) 2 -1  2 61.645 .1632 10− −+ x k  1.720 .1401ϕ+  

0.01 β β β+ +20.01( 1- 2 ) 2 -1  10.852 0.456 −+ k  1.342 0.371 ϕ+  
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Interaction of Failure Zones 
(three tension modes, one compression)



Range 3.1 Compression Elastic Tension-Softening 
Effect of Ultimate Strain Capacity, α

α=ratio of ultimate strain capacity to first crack strain



Range 3.1 Compression Elastic Tension-Softening
Effect of Post peak Stress level, µ

Post peak Stress level, µ



ASU Localized hinge Model



Parameterized Material Models



Simplified Design Approach for FRC

• materials model, testing techniques, and design codes
• Simplifies FRC Flexural design assumption for a beam with traditional and fiber reinforcement.
• Use a stress distribution analogous to Whitney’s stress block diagram
• Tensile stresses in accordance with stress-strain response applied over the tensile domain
• Integrate to compute the moment capacity
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tensile stress transmitted by the fibers across the 
flexural crack.  A measure of residual tensile 
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Derivation of Moment-Curvature Relationship

Strain Stress

Incrementally 
impose

0 < εt < εtu

Strain Distribution
Stress Distribution

ΣF = 0, 
determine k

Moment:  M = ΣFciyci+ ΣFtiyti

Curvature: φ=εc/kh

Stage : λ>ω,
β>α



Moment Curvature Diagram for hardening –softening materials
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Interaction of modes of strain and stress distribution 
at all stages

Zone1 :
• compression and tension are in elastic zone 
• Steel is elastic 



Zone2.1

Zone21
• compression is in elastic zone 
• tension is second slope zone, first crack has 

formed
• Steel is elastic



Zone4.1

Stage41 :
• compression is in elastic zone
• tension is in residual third range
• Steel is elastic 



Zone4.2

Stage42 :
• compression is in elastic zone
• tension is in residual range
• Steel has yielded



Zone5.2

Stage52 :
• compression is in plastic zone
• tension is in residual range
• Steel has yielded



Envelope curve



Development of Envelope Moment-Curvature for Hybrid Response
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Moment-Curvature Response in Flexure
Change of variables, location of Neutral axis, [β , λ] to [β, k] 

φ

εc

0 < εt < εtu

kh

d

stress
strain

Moment curvature diagram

 Incrementally impose 0 < εt < εtu

 Strain Distribution, linear, β, β’
 Stress Distribution defined by linear segments
 ΣF = 0, determine k (Neutral axis)
 M = ΣCiyci+ ΣTiyti and φ=εc/kd
 Normalization M’=M/M0 and φ’=φ/φcr
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Control Points, Geometrical and Material
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Composite 
laminate Sandwich 

composite

ε λεctop cr=

ε βεtbot cr=

1

1

2
εcr

3
εtrn



Example for Control points for geometry and sections for a doubly Reinforced 
Concrete section

Geometrical control point Depth, Strain Magnitude

Extreme compression fiber

Compression reinforcement

Neutral axis

Tension reinforcement

Extreme tensile fiber
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Define the strain distribution variable 
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Derivation of Moment-Curvature Relationship

Strain Stress

Incrementally impose
0 < εt < εtu β

Strain Distribution
Stress Distribution

ΣF = 0, determine k

Moment:  M = ΣFciyci+ ΣFtiyti

Curvature: φ=εc/kh

Stage : λ>ω, β>α
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Evaluation of Moment-Curvature using Piecewise Functions

Stage Tension TRC tensile 
strain

Compression TRC compressive 
strain

Zone 1.1 Elastic Elastic
Zone 1.2 Distributed Cracking Elastic
Zone 1.3 Hardening Elastic
Zone 2.2 Distributed Cracking Perfectly plastic
Zone 2.3 Hardening Perfectly plastic

0 1β≤ <

11 β ϑ≤ <

0 λ ω≤ <
1 tuϑ β β≤ <

0 λ ω≤ <
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cuω λ λ≤ <1 tuϑ β β≤ <
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21
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Serviceability based design, limit the moment and curvature to a 
specific limit of strain, Variable β

Compression model Tension model

βεcr

Tension design Valid if   α> β



Design guide for strain hardening Systems

• 1st Crack tensile strain, (material property)

• Allowable tensile strain, (tensile limit, βmax)

• post crack tensile modulus

• compressive yield strain, Reduction factor

• Neutral axis depth and Normalized moment and Curvature at any given strain:
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Design guide for strain hardening FRC Composites

1dv max
k

k
λ β ω= ≤

−

3. Check the normalized compressive strain developed at top fiber must be less than 
the normalized compressive yield strain

4. Since M’ and λdv are functions of β and η, it is convenient to create design charts 
4.1 M’ - β&η
4.2 λdv - β&η

2. Generate the moment curvature for the fixed value of post crack stiffness, η and all 
values of β as an array.  Plot the moment and curvature response.



Design example of strain hardening TRC composites
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is still elastic

η=0.0243

η=0.0243



Evolution of Stress Distribution Profile
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(a) schematic figure comparing  in strain 
hardening and softening materials.

(b) curvature in different stages 
of loading

Modeling the localization effect and effect of residual tensile 
strength under flexure using deflection criteria



Standard Design Procedure using ACI 544.4R method 
(Parametric-based design)

58

Using these parameters, the location of neutral axis, moment capacity, 
and curvature of the section can be obtained at any imposed strain









Hybrid Reinforced Concrete Design & Back-Calculation 
Software (Compiled Matlab GUI)

• Design parameters can be specified based on  
specifications on maximum allowed crack width, specific 
deflection, maximum curvature, or stiffness criteria.

• Output will produce 12 plots of various responses



Panel flexural tests Simulation 
Variables Include: support Conditions, rebar configuration, and fiber content



Force distribution in conventional RC 
and HRC

Sudden change as soon as cracking occurs with 
rebar tension taking over 100% of the tension 
load within the serviceability range

With 1% fiber, there is gradual change with 
cracking with rebar tension taking over only 20% 
of the tension load at limit state

conventional RC Hybrid RC 



Three main contributions of the Model Representing the
Synergy of fiber and rebar combination

1. Example Slab on Ground with a single 
rebar at the mid-height

2. Simulated Moment-Curvature Response 
comparing HRC with plain FRC and 
conventional rebar

3. Additive contribution of fiber and steel 
based on compatibility of strain analysis

4. Capability to use a serviceability-based 
limit strain or curvature analysis  
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Load Deflection by Moment Area Method
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Load Deflection Response

• Moment area method 
• Crack localization rules

 Moment 

Curvature 

M0 
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Mfail (φj,Mj) 
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Bilinear Moment-Curvature Model
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1-D Member: Moment-Curvature Distributions

 Use static equilibrium to get 
moment distributions

 Moment distributions

3PB 4PB

Bilinear moment-curvature

Curvature distributions
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 Rotation

Region ① :

Region ②: 

 Deflection

The constants of integration defined in terms of Ci are 
numerical values which are determined based on the 
boundary conditions.

Analytical Deflection Solutions

Region ① :

Region ②: 



Solutions are available for other loading types

 Different equilibrium equations affecting Moment distribution
 Simply supported beam and cantilever beam.
 8 different loading types



Experimental Verification of bilinear moment-curvature
Data Set 1 – TRC PP and Aramid Fibers

 Three-point bending test
 30 (b) × 9(d) × 220 (L) mm
 Textile fabrics: 

 Polypropylene
 Aramid

ID εcr,µstr E, Gpa η m q EI, 107 EIcr, 107

100P 130 22 0.01 4.28 298 4.0 0.044
100A 130 22 0.1 17 157 4.0 0.41

25A75P 130 22 0.05 10.48 198 4.0 0.202

100P
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3-Point bending
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Normalized curvature vs. Normalized moment Deflection at mid-span vs. Applied load

Simulated Parameters (Avg.)

Mobasher, Barzin, et al. "Correlation of constitutive response of hybrid textile reinforced concrete from tensile and flexural 
tests." Cement and Concrete Composites 53 (2014): 148-161.



Simulations

Composite Classification Model used
(1) ECC Strain hardening Full 

(2) GFRC Strain hardening Full **

(3) SFRC Strain Softening, (deflection 
hardening)

Simplified *

(4) SFRC Strain Softening, (deflection 
softening)

Simplified *

(5) Ferrocement Strain Softening, deflection 
softening & hardening

Bilinear/ 
Softening  **

* Soranakom, C., and Mobasher, B., “Closed Form Solutions for Flexural Response of Fiber Reinforced Concrete 
Beams,” in press, ASCE, Journal of Engineering Mechanics, August- 2007

** Soranakom, C.,  and Mobasher, B.,“Closed-Form Moment-Curvature Expressions For Homogenized Fiber 
Reinforced Concrete” ACI Materials Journal, in press, July-August, 2007



Engineered Cementitious Composite (ECC) 
Simulation of Strain hardening

• 2% Polyethylene (PE), Maalej, M. (1999)
• Parameters: εcr = 0.006, E=4750 MPa, 

α = 95, βtu = 117, µ=1.49, η=0.009,  
γ = 18.4, λcu = 20
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fc’ = 60 MPa
σcy = 48.2 MPa

Mcr = 37363N-mm, φcr=1.181x10-5

M’max=4.1, φ’max=67.9
M’ult =4.1, φ’ult =67.9



Glass Fiber Reinforced Concrete (GFRC)
Simulation of Strain hardening

• 5% by weight AR-glass Marikunte, S. (1997)
• Parameters: εcr = 0.001, E=7500 MPa, α = 24, 
• βtu = 60, µ=0.65, η=0.042, γ = 2.02, λcu = 8
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Mcr = 6250 N-mm, φcr=2.0x10-4

M’max=3.63, φ’max= 15.5
M’ult   =3.63, φ’ult   = 15.5



Steel Fiber Reinforced Concrete (SFRC)
Strain Softening,  deflection hardening

• 1.0% hook end steel fiber, Lim, T.Y. (1987)
• Parameters: εcr = 0.000116, E=25400 MPa, 

µ = 0.83, βtu = 129, λcu = 34.4
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M’ult   =2.28, φ’ult   = 66.2
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Steel Fiber Reinforced Concrete (SFRC) Strain Softening,  deflection 
softening

• 0.5% hook end steel fiber, Lim, T.Y. (1987)
• Parameters: εcr = 0.000111, E=25400 MPa, 

µ = 0.24, βtu = 136, λcu = 36.2

Mcr = 46821 N-mm, φcr =2.21=x10-6

M’max=1.00, φ’max= 1.00
M’ult   =0.69, φ’ult   = 70.5



Use of Moment-Curvature response as material property of 2 
node, 3- DOF per node beam elements
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Ferrocement, Vf= 1.51%, 40- B23 bending elements, 

Soranakom, C., and Mobasher, B., “Correlation Of Tensile And Flexural Behavior Of Fiber Reinforced Cement 
Composites,” Ferro8, proceedings of the 8th International Ferrocement and thin reinforced cement composites 
Conference, Bangkok, Thailand, 2006.

Ferrocement, Vf= 1.51%, 4- B23 bending elements, 



Back Calculation of Material Properties

Beam Size
test method 4 point bending b = 100 L = 750

Don't need Lp 0 d = 100 S = 250

Material Model
E = 25400

εcr = 0.0001781 strain stress
0.0000000 0.00

tension εcr = 0.0001781 σcr = 4.52
µ = 0.24 εcr = 0.0001781 σp = 1.09

βtu = 84.24 εtu = 0.0150000 σtu = 1.09

compression 0.0000000 0.00
ω = 10.30 εcy = 0.0018341 σcy = 46.59

λcu = 22.46 εcu = 0.0040000 σcu = 46.59
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Plastic Analysis  Beam and Panel Flexure
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Plastic analysis, Round Panel- Fixed or Free
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2-D Member: Slab and Panel

Model Approach Type of Members

Round Panel Rectangle Panel Square Panel

Boundary conditions
Simply supported

Clamped 

 Stage I: Elastic Solution

 Stage II : Yield Line Approach 



Elastic Solution for Panels

Case 1.1 Case 1.2 Case 2.1

Case 2.2
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Case 3.1 Case 3.2

Clamped support

Simply supported

 

Moment Rotation

Round Panel – Point load (P) at center
Rectangular/Square panel— Uniform load (q)

Case 2.2 Westergaard approximate solution. Boresi, Arthur Peter, Richard Joseph Schmidt, and Omar M. 
Sidebottom.Advanced mechanics of materials. Vol. 6. New York: Wiley, 1993.



Plastic Solution: Yield Line Moment– Applied Load

ext intW W=

( ) ( )N m lδ θ∑ = ∑

Assumptions:

 Failure takes place according to the assumed pattern
 Yield lines are straight and end at slab boundary
 Yield lines at vertexes are at 45° to the edges in case of square and 

rectangular slabs
 Hogging moment about the yield lines and sagging moment about the 

supports are equal

Work done in moving loads = Work done in rotating yield lines

N – Load, δ – Defl., m – moment abt. YL, l – length of YL, θ - Rotation 

Kennedy G., Goodchild C., “Practical yield line design”



Yield Line Moment – Applied Load
Case study

Square panel with simply supported edges Uniform load: q

2 1( ) 4
4 3ext
aW N q

 
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δ

ext intW W=

( ) ( )N m lδ θ∑ = ∑

Equivalent point load 

δmax is unit

Deflection of the centroid
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∑ θ

Aswani, Karan. Design procedures for Strain Hardening Cement Composites (SHCC) and measurement of their shear 
properties by mechanical and 2-D Digital Image Correlation (DIC) method. Diss. Arizona State University, 2014.

2

24
qa m =



Yield Line Moment – Applied Load

Case 1.1 Case 1.2 Case 2.1

Case 2.2

Case 3.1 Case 3.2

Clamped support

Simply supported

 

Moment Rotation

Round panel – Point load (P) at center
Rectangular/Square panel— Uniform load(q) 
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Curvature-Deflection Relationship for
Square panels

Square panel
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L* is the hinge length 

Aswani, Karan. Design procedures for Strain Hardening Cement Composites (SHCC) and measurement of their shear 
properties by mechanical and 2-D Digital Image Correlation (DIC) method. Diss. Arizona State University, 2014.



Curvature-deflection relationship

φL* - Rotation, L* - Hinge length, L – Length, φ – Curvature, δ - Deflection

Rectangular panel
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Aswani, Karan. Design procedures for Strain Hardening Cement Composites (SHCC) and measurement of their shear 
properties by mechanical and 2-D Digital Image Correlation (DIC) method. Diss. Arizona State University, 2014.



Experimental Verification

Input 
Dimension: b, d, L

Material prosperities: E,  εcr 

Calculate
Mcr=bd2Eεcr /6
φcr=2εcr/d  

Select position x
Assume maximum q’and η

Loop from q’=0 to q’max

If q’>1

If q’<1

Stage II
Calculate

M(i), P(i), m’, ξ(i)

Stage I
Calculate

M(i), P(i), δ (i)= δ1

If Region ①
0<x<ξ(i)
δ (i)= δ21

If Region ②
ξ(i)<x<L/2
δ (i)= δ22

Moment-curvature Load - deflection 



Experimental Verification
Data Set 2 – Square Slab

Square slab with point load at center
680 mm x 680 mm, thickness is 80 mm
Steel fiber vf = 1.0% and 1.5%
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149 (2005).



Simplified Design Approach
• Step 1: Determine the full range moment-curvature relationship 

using the closed-form equations
• Step 2: Obtain simplified relations using polynomial curve fit

For clear span of 680 mm, thickness 80 mm, cracking stress as 
1.5 MPa, moment–curvature relationship of Stage 2.1 can be shown as

Similar expression can also be calculated for Stage 3.1:
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Cont’d

• Step 3: The boundary conditions are simply supported on 
all sides. The moment-load relationship for a point load 
for square slab is as follows:

• Step 4: The curvature-deflection relationship for a square 
slab in cracked stages (2.1 and 3.1) are derived as 

follows:

• Step 5: Calculate the load-deflection result using the 
results from Steps 3 and 4.
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Experimental Verification
Data Set 3 – Round Panel
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Probability based model

Q

RFrequency

Load
failure ln(Q/R)

Frequency

failure

β, number of 
standard deviations2

Q
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R VV
ln(R/Q) 

+
=β

VR= Coefficient of variation of R
VQ= Coefficient of variation of Q



Conclusions

• Moment curvature response of fiber reinforced concrete composites can be 
derived explicitly

• The material model can be used to predict the flexural behavior of: 
– strain hardening materials
– strain softening materials

• deflection hardening
• deflection softening

• Direct application of uniaxial tensile stress strain response under-predicts 
the flexural response for material that is brittle.  

• Ratio of Flexural strength to tensile strength can be predicted using the 
present model. 



Conclusions

• Closed form solutions of the moment curvature response provide a 
direct and universal method to design and analyze FRC materials and 
structures.

• The higher the brittleness of the material the higher differences are 
observed in correlating the tensile and flexural responses. 

• When used in conjunction with the moment-area method and crack 
localization rules, moment- curvature responses can be used to predict 
load deflection response of various loading geometries.

• There are direct applications for design and analysis of FRC structures. 
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Normalized height of comp. and tension zones for each stage of 
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Normalized stress at vertices for each stage of normalized tensile 
strain at bottom fiber (β)
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Normalized force component for each stage of normalized tensile 
strain at bottom fiber (β)
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Normalized moment arm for each stage of normalized tensile strain 
at bottom fiber (β)
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Drainage trough and cover

 structural applications such as light weight drainage trough 
and covers



Design example of strain hardening

Determine the moment capacity of the drainage trough cover 
made of nominal 3” thick. Can it withstand the truck tire pressure of 80 psi

From manufactures, the GFRC used has
- Compressive strength,   fc’ = 9,500 psi
- Young modulus,            E = 2.15x106 psi
- Cracking tensile strength, σcr= 850 psi
- Peak tensile strength,    σpeak=1,300 psi
- Tensile strain at peak tensile strength,

εtrn =0.009 in/in

The problem can be considered as 
a simple beam of one inch strip



Material Properties used
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Design example of strain hardening
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1. Calculate material parameters

- Cracking tensile strain, 

- Normalized tensile strain at peak tensile stress
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How to use design charts
• Use the maximum normalized tensile strain to get the normalized ultimate 

moment M’
• First, use M’-β&η chart

– draw a vertical from β=α=22.8 to the curve at η = 0.0243
– then, draw a horizontal line to the left, get M’=3.2

• Check the normalized compressive stress by λdv-β&η chart
– continue the vertical line to the curve at η = 0.0243
– draw a horizontal line to the right, get, get λdv=7.8
– λdv=7.8 < ω=9.5  => compressive strain is elastic =>OK

• Thus, M’=3.2 for this material used



Design example of strain hardening

2. Calculate cracking moment 2 2850 1 3 1,275 lb-in/in
6 6

cr
cr

bhM σ × ×
= = =

3. Calculate moment capacity
' 0.65 1275 3.2 2,652 lb-in/inn crM M Mφ φ= = × × =

1.2( 0) 1.6(80) 128 psiuw = ≈ + =

4. Ignore self weight of the cover (negligible compared to the truck load)

2 2128 12 2,304 lb-in/in
8 8
u

u
w lM ×

= = =

5. Calculate the ultimate moment at mid span

< φMn 2,652 lb-in/in  =>OK

Thus, the  3” thick is sufficient
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